Abstract Circumscription uses classical logic in order to modelize rules with exceptions and implicit knowledge. Formula circumscription is known to be easier to use in order to modelize a situation. We describe when two sets of formulas give the same result, when circumscribed. Two kinds of such equivalence are interesting: the ordinary one (two sets give the same circumscription) and the strong one (when completed by any arbitrary set, the two sets give the same circumscription) which corresponds to having the same closure for logical "and" and "or". In this paper, we consider only the finite case, focusing on looking for the smallest possible sets equivalent to a given set, for the two kinds of equivalence. We need to revisit a characterization result of formula circumscription. Then, we are able to describe a way to get all the sets equivalent to a given set, and also a way to get the smallest such sets. These results should help the automatic computation, and also the translation in terms of circumscription of complex situations.
Introduction
Circumscription uses classical logic for representing rules with exceptions. It is often better to use the formula version. An important aspect of formula circumscription has almost not been studied: what are exactly the sets of formulas which give rise to the same circumscription. Answering this question should have important consequences on the automatization of circumscription, and on the knowledge representation side. A possible explanation for the lack of studies on the subject is the complexity of the predicate versions of circumscriptions. We answer this problem in the finite propositional case, providing a way to obtain all the sets which give the same circumscription as a given set. We describe also a way to get the smallest sets, in terms of cardinality. The method given is only semi-constructive but, to our knowledge, no previous study exist.
Section 2 introduces ordinary and formula propositional circumscriptions. Section 3 gives two kinds of equivalence between sets of formulas, the strongest of these equivalences corresponds simply to have the same closure for logical "and" and "or". Section 4 gives a few preliminary technical results, including a new study about a known characterization of formula circumscription. Section 5 gives useful indications in order to find the sets of formulas with as few elements as possible, which are "strongly equivalent", as defined in Section 3, to a given set of formulas . Section 6 uses the results of Sections 4 and 5 in order to get the sets of formulas with as few elements as possible which are simply "equivalent" to a given set , meaning which give the same circumscription as . Section 7 provides a few examples. In particular the case where we start from an ordinary circumscription ¡ and where we look for the smallest sets of formulas giving a formula circumscription equal to ¡ , is considered there. Instead of using a propositional circumscription, it is often more natural and easier to use formula circumscription [9] . Here is the propositional version. For a formal proof of this immediate result, we can either start directly from Definition 2.3, or use Property 2.2 given below. In q V i S £ P r Q0 Z t P¥ , the first occurrence of P denotes a set of fomulas (each propositional symbol P denoting also an atomic formula). Notice that, as V i S £ P r Q t P0 Z¥ is clearly the identity, we must allow the symbols of P to vary also.
When considering formula circumscriptions, we may generally consider only the case where Q y From these definitions we immediately get: 
Equivalences between Sets of Circumscribed Formulas
We examine when two sets and r give the same formula circumscription. From a knowledge representation perspective, and also from a formal perspective, two kinds of such "equivalences" are to be considered. One technical role of the inaccessible formulas for circumscriptions is developed in [10] . We will see now that & is the greatest (for
and (next proposition, this gives a justification for the name of this set). The following results are proved elsewhere (see also [11] for details and examples). However, we provide the proofs here again. Notice that these proofs are sometimes simpler than the ones appearing in the referenced text, due to the restriction to the finite case made here. 
A £ ¥
, "positive in ", in an extended acception (see Definition 3.3-2, Proposition 3.1-1, and the example of ordinary circumscription £ [11, 12] ). Here are two easy lemmas:
, we have 
Point 1 provides necessary and sufficient (remember that we are in the finite case) conditions for two sets of formulas to give the same circumscription. Point 2 provides necessary and sufficient conditions for two sets of formulas to give the same circumscription, even when they are augmented in a similar way. One of these conditions is simply having the same d -closure. Point 3 provides a case where -equivalence is identical to strong equivalence: informally, from point 2 and Lemma 2.2-3, when there is -equivalence and not strong equivalence between a set and one of its subsets, the added formulas oppose each other. This mutual cancellation is impossible when the two sets differ by one formula only.
Proof 
, 2a above gives the result.
About the Characterization of Formula Circumscription
From theorem 3.3-2a, we know that the smallest sets strongly equivalent to a given set 4 are the smallest sets such that C 4
. We also know that all the elements of the set of all the sets of formulas strongly equivalent to a given set correspond to the same pre-order relation h . We will study this set, focusing on the smallest sets of formulas belonging to this set. 
and, by (Assoc),
h is universal on the set However, in [6, 11] the proof relies on the strict relation (i.e. in fact on the large relation h ), and [3] uses any large relation, but without constructive definition. For our purpose, we need to consider large relations and constructive definitions, which is why we provide a new proof. Also, we need to consider all the possible large relations associated with a strict relation, which is why we have developed this point above.
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Step 2, second application of (MN): Starting from the set ¡ pre-ordered by "
, for each 2 E ¡ , we define the set of formulas
. From (MN) we get, for any
We get
, and
from the definitions of 7 ¡ and of
¡
. As we have
. This means, for any
Step 0 allows many possibilities. If we want to reduce the size of the set ¡ of formulas to circumscribe, obtained in step 1, we will see (in the next paragraph, and more importantly in Proposition 6.1 below) why it is good to choose h ¡ and why the worst possibility is h , as done in [6, 11] . In step 1, with each pre-order h , we associate naturally a set of formulas ¡ . In step 2, with each set of formulas, we associate naturally a pre-order 
The Smallest Sets Strongly Equivalent to a Given Set
We need a few definitions, often given in two forms: in terms of subsets of a set ¤ , and in terms of formulas, where ¤ M and a formula can be associated with each subset. This is to relate these results to familiar general results about finite sets. The following result is obvious, and probably well-known in finite set theory (see also [10 
¡ is the set of the sets of models of all the formulas in F¡ . "i " stands for 'forward", or "elementary filter", and " " for "filter". 
These results are known in finite set theory and distributive lattice theory (see e.g. [8, 2, 4] ), even if the precise references would need developments, not necessary here. Thus, we omit the proofs, which moreover have no difficulty, or have been given already. Point 2a is Theorem 3.3-2, given here again in order to make precise the correspondence with the "set versions" of point 1a. The left most equalities in point 2c come from point 2a, the right most equalities being step 2 in the proof of Theorem 4.2. Thus, only point 1b (or equivalently 2b) remains, and the proof is straightforward.
Here is an immediate consequence of this lemma: 
The Smallest Sets

¡ -Equivalent to a Given Set
We consider now a given i S £ 5 w ¥
, and we look for the smallest (in terms of cardinality) sets . This could be an inconvenient when using the method of X-mappings in order to facilitate the computation of a given circumscription: the sad news is that we must consider the largest possible set (or any of its d -basis, but this gives rise to the largest 4 rr set of elements
The set F¡ (see Definition 5.2) is the greatest (for
More investigations are needed in order to examine whether this fact has really bad consequences on this method or not.
A few examples
When looking for an 
. We get h (Definition 2.4) described as follows: 
. As we want to get (1) page 13, 
is one of the sets with the smallest cardinality satisfying 
) is not sufficient in order to be sure that (2) page 13 implies (1) page 13. Here is a less trivial counter-example:
. Thus, we circumscribe all the propositional symbols (we need at least 5 symbols for this counter-example to work). We get Here ends our parenthesis about condition (
§ ¦ © "
).
The next example shows how the results given in Sections 5 and 6 allow to find the various sets of formulas describing a given formula circumscription:
. We consider the set 
. Thus we get the following descriptions of
, we get the following set
. Even if we are not in case 2 of Proposition 5.4, we are "close enough" to this case and we can apply the constructive method described there in order to find an 1 ). We get
, with three elements in it.
7
is not an antichain
) , but here this does not make a difference because this set has three elements, and, since 
We get another set 
Q¥ . We want to find one of the smallest possible (in terms of cardinality) sets of formulas . Remember that a syntactical description of the greatest (for f , and a fortiori in terms of cardinality) possible sets is already known [11, 12] .
For the first problem, we cannot do better than the set P (which moreover is made of the simplest possible formulas): 
P is one of the sets
4
with fewer elements such that we have
P¥ (and it is the simplest such set).
Sketch of the proof: 1. It is straightforward (not immediate, but automatic) to see that we have, if
5
P is a set of atomic formulas: . Also, we have described all the sets which, when completed by any arbitrary set r , give rise to the same result as a given set 4 , when completed by r . Our description is syntactical and very simple in the second case ("strong equivalence"). In the first case ("ordinary equivalence"), we have described a method to get all the possible sets. The method is fully constructive if we consider only sets of formulas which are closed for In particular, we have described the unique greatest and the unique smallest (for set inclusion) such sets which are equivalent to a given set. Also, we have described the greatest (unique, it is the same one as the preceding greatest set) set of formulas which is equivalent to a given set, without other condition. The problem of finding the smallest sets (in terms of cardinality, there is no longer uniqueness here) involves the search for one of the smallest sets having the same closure for d and than a given set of formulas. We have described a semi constructive method for finding these sets in all the cases. The method is fully constructive in two particular but instructive cases, which help finding the solution for more general cases. One of these cases is when we start from an ordinary circumscription q V £
where the propositional symbols of P are circumscribed and those of Q fixed, the remaining ones, in Z, varying. In this case, we have proved that the natural and well known set of formulas P t Q t W 9
Q is one of the a smallest possible sets of formulas 4 which keeps unchanged the set Q t W 9
Q of the fixed literals. More surprisingly, we have shown that we can do better if we allow modifications inside the set of the fixed propositions, and conjectured that our proposition is still the best one, if we "forget the fixed propositions" altogether.
As future work, we should extend these results to the infinite propositional case, then to the predicate case.
Let us add a few words about the importance of such a study. Firstly, this is one of the most fundamental questions to ask: when sets of formulas are equivalent for what we do with them. Secondly, this could help the automatic computation, as we could choose the "easiest" equivalent sets in order to make the computation of a given circumscription. Clearly. a lot of work remains in that direction. Thirdly, this could help the modelization by circumscriptions of complex situations. The idea is to associate with each rule a set of formulas to be circumscribed. Then, in order to combine rules, we would combine the sets. For defining such combinations, it is important to know precisely what are these "sets" and the notions of equivalence give the answers.
